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ABSTRACT

This report offers an introduction to the transfer matrix
method of analyzing the dynamic behavior of common engineering
structures, followed by an explanation of the application of
the transfer matrix method to an array of aircraft panels
which are continuous over supporting stringers. The skin-
stringer problem, important to the prediction of fatigue fail-
ures, is discussed for rather general conditions. The rect-
angular panels may vary in thickness and length while the
stringers may vary in cross-sectional shape and size. The
panels may be flat or curved, and the curved panels may vary
in radius of curvature.

This abstract is subject to special export controls and each
transmittal to foreign governments and foreign nationals may be made
only with prior approval of the Metals and Ceramics Division, MAM,
Air Force Materials Laboratory, Wright-Patterson Air Force Base,
Ohio 45433.
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SYMBOLS
radius of curvature of a cylindrical shell segment. in.
panel system width, ie. distance between frames. in. @
viscous or equivalent viscous damping factor. 1b-sec/in?.
distances defined in Fig. 10. in.
functions of w defined by Eqs. (39)
independent solution to a structural equation of motion.
functions of w defined by Eqgs. (69)
functions defined by Eqgs. (59)
plate thickness. in.
impulse response function
h2/12a2
linear spring constant at the jth Myklestad beam station. in/lb.

h
torsional spring constant at the jt Myklestad beam station.
rad/in-1b.

length of the jth beam segment (also used without subscript). in.
mass of a single degree of freedom system. lb-seczlin.
index number for panel normal modes in x direction.

[ 12a%(1-v%) 7 n?] V4

distributed load in the vertical direction, in the horizontal
direction, and torque, respectively, acting at the stringer

shear center.

nra/b
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distance defined in Fig. 10. in.
time, an independent variable. sec.
(j,k) element of a transfer matrix.

deflection of a panel segment parallel to the stringers;
positive with the x-axis. in.

deflection of a panel (segment) or a stringer at the point of
attachment, parallel to the frames; positive, with the corres-
ponding coordinate axis. din.

deflections parallel to the frames of a stringer cross-section
at the centroid and shear center, respectively; positive with
the corresponding coordinate axis. in.

vertical deflection of a panel (segment), or of a stringer at
the point of attachment ; positive down. in.

vertical deflection of a stringer cross-section at the cen-
troid and shear center respectively; positive down. in.

vertical deflection of the jth beam segment, positive down.
in.

panel cartesian coordinate parallel to stringers.

independent cartesian space coordinate for the jth beam segment,
positive to the right. (also used without subscript). in.

panel cartesian coordinate parallel to frames.
beam or stringer cross-sectional area. in.2

conversion matrix defined by Eq. (32) for the flat panel and
Eq. (66) for curved panels.

Saint- Venant constant of uniform torsion. in.4

warping constant of stringer cross-section. in.6
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C C.+ IC s in.
ws w z
Eh3 . .
D e a plate stiffness factor. 1b-in.
12(1-v%)
D] differential operator defined by Eqs. (61). rad.
Ej Young's modulus for jtP structural segment (also used

without subscript).lb/in.2

[F]. field transfer matrix defined by Eqs. (6a) and (7) for
R the jth beam segment; by Eq. (33) for a flat panel.

G shear elastic modulus. 1b/in.2

[G]. beam point transfer matrix for station j defined by Eq.
J (8) or stringer transfer matrix defined by Eq. (40).

Hpq(m) frequency response function.

Ij area moment of inertia of the jth beam segment. in.%

In’IQ’InC stringer area moments of inertia and product of inertia

about the stringer centroid. in.
Jc’ JS stringer cross-section area polar moment of inertia

about the centroid and point of attachment, respectively.

Jj dlscrete rotary inertia at station j of Myklestad beam (lb-in-
sec?) or rotary inertia per unit mass line of panel model
(1b-sec?).

[K] matrix defined in Eq. (62).

[L] matrix defined in Eq. (62).

M(xj) moment amplitude factor for jth segment of Mykelstad beam,
positive tension top side. in.-1b.

Mn component of M_ correspondint to the nth panel mode in the
x direction. in.-1b./in.

My moment in a flat panel about an x-axis per unit length of

x—axis. in-1b/in.
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moment in a curved panel about an x-axis per unit length of
x~-axis, in. =1b. /in.

number of Myklestad massless beam segments (or one less
than the total number of beam stations.

tensile force in a curved panel parallel to the frames per unit
length in the x direction. 1b/in.

shear force in the x-plane parallel to the frames, per unit
length in the a¢ direction. 1b/in.

an arbitrary force or moment at station q.
field tramsfer matrix defined by equation (29).

transfer matrix from position indicated by subscript and super-
script on right side, to position indicated on left side.

shear amplitude factor for jth segment of Myklestad beam,
positive up on right hand end. 1b.

component of V_ corresponding to the nth panel mode in the
x direction. 1b. /in.

shear in a flat panel in the z direction on a unit length in the
x direction, positive down. 1b. /in.

shear in a curved panel in the z direction on a unit length in
the x direction, positive down. 1b/in,

th
vertical deflection amplitude factor for j segment of a beam,
positive down. in.

panel normal modal amplitude function of y for nth mode. in,

beam state vector defined by Eqgs. (6) and (7); or a panel state
vector defined by Eq. (32) or before Eq. (54).

coefficients to be determined for the functions fi. See Egs, (60).
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A(w)

G(Xj)

coefficients to be determined for the functions gj. See Eqs. (60).

structural damping factors. mnon-dimensional.

real and imaginary parts respectively of the characteristic
roots of the shell segment equation. See Egqs. (50), i=1,2.
rad.

Dirac delta function - See footnote, page 20.

damping factor for single degree of freedom system = c/2vVkm.

quantities defined in Eq. (56). (i=1,2,3).

angular width of curved panel segment (See Fig. 11). rad.
panel span width between stringers.

discrete mass at station j of Mykelstad beam. 1b-sec?/in.
Poisson's ratio. rad.

column matrix of biharmonic functions defined by Eqs. (60).

mass density 1b-sec?/in.%

rad.

rad.

a root of the characteristic equation of the equation of motion —-
defined by Eq. (19a) for the distributed mass beam, by Eqs. (26)

for the flat panel system. rad./in.

angular coordinate of curved panel segment whose corresponding

arc is parallel to the frames. rad.

circular frequency of vibration. A subscript n indicates a

natural frequency.
frequency determinant value as a function of w.

bending slope amplitude factor for jth segment of Mykelstad
beam = X'(xj) rad.



constant of integration of a structural equation of
motion.

state vector defined by Eq. (65).

amplitude functions of ¢ for the deflections u, w, and
v respectively. See Egs. (48).

a deflection or bending slope response.
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I. INTRODUCTION

The following presentation is an attempt to clearly outline the
transfer matrix method of analyzing the dynamic behavior of an elastic
system and, at the same time, to explain a recent extension of this
theory to aircraft type panel-stringer constructionl 1] . For additional
introductory information the reader is referred to Reference [2].

The technique of transfer matrlic s is related to the methods of
dynamic analysis developed by Holzer 3T and Myklestad[4] . Like
these previous methods, the transfer matrix method is a calculation

of the deflections and internal forces at successive values of a single
space coordinate (stations) by utilizing a knowledge of the system
intertia, damping, and stiffness properties between stations. Thus,
the similarity of these procedures extends to the computation of sys-
tem natural frequencies by iterative procedures, to the determination
of normal modes, and to the calculation of deflection and force and
moment type responses in the case of forced vibrations. In other words,
the transfer matrix method accomplishes the same types of objectives
in much the same manner as the Holzer and Myklestad methods. The
difference between these older techniques and the transfer matrix
technique lies in the advantage of conciseness that results from the

use of matrix algebra by the latter method. This advantage has made
practicable the analysis in detail of complex structures such as single
rows of curved panels supported at varying intervals by not necessarily
symmetrical stringers. The use of matrix algebra does not compro-
mise the original advantages of the Holzer-Myklestad style of analysis.
For example, the transfer matrix method allows the introduction of
appropriate and separate damping descriptions at each component of
the structure. Considering the advances that are currently being

made in damping technologyl ), this is no small advantage. On the
other hand, the transfer matrix method leads to certain difficulties in
numerical computation. These problems and their remedies that have
proven to be effective will be briefly discussed.

To explain the principles of the transfer matrix method a series
of examples of increasing complexity will be employed. These examples
also illustrate the scope of this procedure which is presently limited to
a structure undergoing sinusoidal motion(or being in static equilibrium--
a special case), and to a structure being one dimensional in space or
whose mathematical description is reducible to that where the unknown
amplitude factor is a function of just one variable. An example of the
latter alternative is a thin plate of rectangular shape which is simply
supported at two opposite edges. In the case of a single frequency
vibration, we could write for the vertical deflection



wix,y,t) = et y (y) sin -‘l’;—’i

where y is the space coordinate parallel to the simply supported edges,
and Y (y) describes the variation of w in the y direction. 1In other
words, we have reduced a plate problem to a one dimensional problem
susceptible of solution by transfer matrix methods by (justifiably)
assuming the form of the deflection with respect to one of the space
coordinates.

The examples in the order of their discussion are (1) an undamped
beam with discrete masses, (2) an undamped and damped beam with distrib-
uted mass properties, (3) the calculation of frequency response functions
for a beam, (4) a flat panel-stringer row, and (5) a curved panel-stringer
row., The first three examples are for explanatory purposes. The last two
are summaries of recent extensions of transfer matrix methods.



II. THE MYKLESTAD BEAM PROBLEM

A convenient place to begin an explanation of the principles of
the transfer matrix method of analysis is with an undamped straight
beam constructed of discrete masses connected by massless beam
segments--the Myklestad "lumped mass' beam model. Figure 1 is
a drawing of a general Myklestad model beam, where p; and J; are
the discrete mass and rotary inertia at station j, respectively. We
could begin our analysis by examining either of the two essential
features of this beam, the elastic supports and the concentrated masses
located at the stations, or the beam segments between stations. Let
us begin by taking a detailed look at typical massless beam segment (j),
Figure 2, where for generality we will include all possible combinations
of stiffness and inertia at the stations that mark the segment endpoints.
If in an actual application any of these properties are absent, their
descriptive constant is, of course, zero. The combination of a linear and
a torsional spring could, for example, be supplied by another beam of
small mass running perpendicular to the beam under consideration and
attached to it at the given station.

To locate a position along this massless beam segment we will
make use of the local coordinate x.. If wj(xj, t) is the vertical
deflection of the segment, positive down, the equation of motion is
easily found from the basic beam equation to be

4 4
; . = 1
(EI)JB wj/axj 0 (1)

where for the sake of simplicity we have chosen the beam segment to
have uniform stiffness properties. (If we could not reasonably
describe the stiffness properties between our desired mass stations
as being uniform, we could of course approximate the non-uniform
stiffness by piecewise uniform segments separated by stations with-
out inertia properties, or even if deemed necessary at the cost of
complicating the equation of motion, we could describe the non-
uniform stiffness as an analytic function of x .) If we are concerned
with a single frequency vibration of the beam, we know that every
point of the beam will move in a sinusoidal fashion; i.e., we may
describe the motion in complex notation as being the real part of

wilxg, £) = X(xy) elvt (2)
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Substituting into Equation (1), we have

or x(‘)(xj) =0 (3)
Equation (3) obviously has the solution

X (x;) =ij+Bx§ +ij+D (4)

The physical meaning of the arbitrary constants A, B, C, and D is
easily seen to be

D = X (0)
C = X'(0)
(5)
1 o " l . M(0
B = > X'"(0) = > (Enj
—l mnt -——1.. _‘V—Q)_
A g U0 W (ED),

Except for the oscillatory factor eiwt, D is the deflection at x; = 0,

C is the slope at X3 = 0, B is 1/2(EI); times the moment at x5 = 0,
and A is 1/6 (EI)j times the shear at x;' = 0. We have now essentially
accomplished a first step in the transfer matrix procedure. We have
related the deflections and internal force quantities which describe the
condition or state of the structural segment at a boundary point of that
segment to the state at any point in that segment. In the strict sense,
the mechanical state of the straight beam segment is completely
specified by the continuous deflection function. However, in this and
later examples, we will when we refer to the state of an elastic element
mean not only the necessary, basic deflection components, but also the
internal force and other deflection components, (or equivalently, the
derivatives of the deflection components) necessary to calculate the basic
deflections at one point when they are known at another. We complete
this first step by substituting Equations (5) into Equation (4) and
differentiating thrice to obtain



VO s, MO 2y g0y x, + X(0)

X = T@En, N7 2@ED; j
B(x-—ﬂngz+Mx+e(0)

T A B T
(6)

M (x

VvV (0) x, + M(0)

it 3

V(xj)

v (0)

Equations (6) will be the basis of what we will call the field transfer
matrix.

To show by example that other sufficient analyses of the struc-
ture will lead to these same relations, we will now note that Equations (6)
could have been derived from the elementary theory of strength of
materials. By so doing, by means of the following diagrams, we will
explicitly state our sign convention. First, to derive the shear relation

V() Vix) = V(0)

To derive the moment relation

M(xj} = M(0) + xj V(0)

M (0) vV (0) V(xj)

If the moment-area method is used to derive the expressions for
) (xj) and X (xj), we have



} o0
X(xj)

LT“ d(xj)

ij(O)/(EI)j

M
—_ X —
ET M(O)/(EI)j
Once again
5 M (0) = YA0).
e(xj) = 0(0) + (EI)j x; + 2(EI)j sz
- M(0) _Vv(0)
X (xj) = X(0) + 0 (0) x; + Z(EI)J. xZJ - 6(EDJ. xJ?

If we now specialize Egs. (6) by letting xj = L;, we may view the
result as a means of carrying over or transferring the mechanical
state of the beam at the right hand side of station j-1 to the left hand
side of station j. We may easily arrange this series of transfer
equations in matrix form as follows

Y ia ! e ( r
= : g 2EI 6EI x |
] 4%
P 0
4 &L - (0 . El 2EI < 7 (6a)
M 0 0 1 ] M
0 1
. V)J - 0 0 J; LV 5-1



where both the superscripts (£ = left of, r = right of) and subscripts on
the column matrices (called state vectors) refer to a station, and the
subscript on the square matrix indicates that the quantities that com-
pose the elements of this matrix are those of the indicated beam seg-
ment. As mentioned previously, the amplitudes X, 0, Mand V
are not the only choice as the four elements of our state vector. (For
example, we could have selected X and its first three derivatives.)
This choice, however, is much more convenient since all of these
elements are of interest in themselves, and, more importantly, they
will facilitate the introduction of the boundary conditions into the

final equation. For the sake of being more concise, we rewrite

Eqgs. (6) as

T

1 (7

2
{Z}j = [F]j {Z}

where the respective definitions of terms are obvious, The matrix [ F ]
is called a field transfer matrix. We remark that if the displacement
and force elements of the state vector are separated and the corres-
ponding deflection and force elements are arranged in mirror image
position, and if a suitable sign convention is chosen, then the
associated transfer matrices are usually symmetrical about the
cross-diagonal. This is the case here and in the following two
examples. Another interesting feature of field transfer matrices is
that their inverses can always be calculated by simply writing the

field transfer matrix for the opposite direction.

To have complete freedom of description, another basic trans-
fer matrix, called a point transfer matrix, is needed. It transfers the
state vector across a station. Again let us consider the most general
case; i.e., let there be a mass, a translational and a torsional spring
at station j. The free-body diagram of station j is as shown in
Figure 3.

Utilizing d'Alembert's principle, we may write:

r L
M: = M, % (02 3.)0. %k 9.
i ] (™ 3,08y %
T 2
V. = M R =
i VJ (wqu) ijj
9
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Figure 3. Forces and Moments Acting as
a Discrete Mass
We also may write, because of the continuity of the deformation
across station j:
r
Xj - XJ
L
8f = @]
] ]
Again arranging our result in matrix form, we have
(x)r E 0 o 0] (x|*
8 0 1 0 o 0
& & = . L % (8)
M 0 k-0w?J 1 0 M
v -k, +w? 0 0 1 v
,._Jj 1 wu _j h..dj

10



or

{Z}jr = [G]j {Z}; (8a)

We are now ready to undertake the analysis of any undamped
Myklestad beam possessing any end conditions. To make clear the gen-
eral case, we choose the specific beam shown in Figure 4 where any
combination of elastic restraints may be present at the three inter-

mediate stations.

)

i%%ﬁ

Figure 4. Example Myklestad Beam

AN

=3

Proceeding from left to right, we may by successively applying Eqs. (7)
and (8) write

1 T
Z = F Z
{}1 []l {}0
(z1* s
= Gl, IFl; {2},
! — - " 0 r
zi, = [r]l,lcl, [G]l[F]1 (z} ,

or more concisely

£ 1 r x
@y, = [T, (Z3, (9)

We call [ T] a transfer matrix; i.e., no adjective. Its superscripts
and subscripts indicate the extent of the transfer of the state vector.
The boundary conditions of our example are:

at (£, 4 X
at (rs 0) X

c] =0
M =0

n

11



(A similar result would ensue for other boundary conditions.) Insert-
ing these boundary conditions in the matrix equation (9) we have

i =] "
17 ') r r
f 0 E11 ti1p ti13  tyy 0
0 t t t t (]
4 - 5 ) 22 23ty 3 L
M t3] t3p t33  tyy 0
v t41  t42  t43 tay v

from which we note that we may extract two linear homogeneous equa-
tions, i.e., the submatrix equation

0 I e, e | T
= (10)

0 4 tzz tz4 0 Vv 0

The existence of a nontrivial solution to Eq. (10) requires that the
determinant of the coefficients be equal to zero. Since these coef-
ficients are all functions of the free vibration frequency, our equation
for the natural frequencies of the system is then

= Alw) =0 (11)

Since A(w) will for this model, be a polynomial in w? of order equal

to the number of intertia parameters, both rotary and translational, a
numerical rather than an exact solution for w is to be obtained in

almost all cases, Of course, all the roots for w? are real and positive.
Once the natural frequencies are known from equation (11), it is a simple
matter to compute the force and deflection mode shapes for this beam.
We start with Eq. (10) which tells us

0 = he v - fag \'4 (12)

ti, tzz

12



If, for example, we normalize (i.e. assign a unit value to) V, we know
all four components of the modal state vector at (r, 0). It is now only
necessary to use the transfer matrices [G(w n)] and [F(x,)] to com-
pute the modal state vector at any point of continuity on the beam.

The above steps are the basic elements of the transfer matrix
approach. In review, we start at one point of the structure and
proceed to an adjacent point using whatever state vector is necessary
to describe plus transfer the mechanical state of the structure. The
transfer matrices that carry the state vector from one point to another
can be calculated by solving the overall equation(s) of motion of each
structural segment. When the proper field and point transfer matrices
are determined, a transfer matrix from one boundary to another can
be constructed, and then partitioned to solve for the natural frequencies and
mode shapes.

The present analysis could be expanded, for instance, to con-
sideration of the vertical vibrations of a cantilevered beam with a
horizontal bend. We could further slightly complicate the matter by
placing the concentrated masses and rotary inertias on rigid extensions
from the beam axis. This model might be a suitable model for a
cantilevered high aspect ratio wing. See Figure 5.

Elastic Axis

Concentrated
Mass oy

Beam
Station

-
F——0
Almmhmmmnmiitnminuuaay

Rigid
Extension

Figure 5. Bent Beam
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We won't stop to analyze this model, but only comment on those
of its features that are not found in the previous example. First,
simply because of the horizontal bend, a vertical force or bending
moment on the outboard section of the beam will produce a torsional
moment (and deflection) as well as a bending moment on the inboard
section. Therefore we would have to include the local beam twist and
torsional moment in an analysis of this structure. Secondly, even
without the horizontal bend, we would be compelled to consider tor-
sional twist and torsional moment because the vertical accelerations
of the offset concentrated masses would produce inertial torques
about the beam axis. Therefore, our model would properly include
not only the rotary inertias associated with bending slope deflec-
tions, but also the rotary inertias corresponding to torsional de-
flections, and cross products of inertia.

We could start our analysis at the beam tip and work our way
toward the bend just as in the previous example. (The additional equa-
tion of motion for a massless beam segment is: the effective torsional
stiffness times the second derivative of the twisting angle equals zero.
The equations of motion of beam stations can again be derived using
D'Alembert's principle.) At the bend we simply connect the locally
oriented state vectors on each side of the bend by a matrix that resolves
the outboard set of deflections and intermal forces into components
referenced to the inboard coordinate gsystem. (Matrices are a rather
efficient way of handling coordinate rotations.)

We are not limited to models where the inertia properties are

made discrete. Let us now investigate how we may apply the transfer
matrix method to a beam with distributed inertia properties.

14



III. THE CONTINUOUS BEAM PROBLEM

Consider the case of a uniform beam segment of symmetric cross-
section and of uniform density between two statiomns, say j-1 and j.
See Figure 6.

| J
S (EI)jr pyr By

|

b

|
-

j=1 3

Figure 6. Continuous Mass Beam

The equation of motion of this segment can be derived from the basic
beam bending equation, It is, for vibrating motion

34 ”
EI Tﬁ-’ = - pAW (13)

where p 1is the mass density, A the cross-sectional area, and each
dot above a symbol indicates one partial differentiation with respect
to time. We have dropped the subscript j from our various quan-
tities for the sake of simplifying the writing of our equations. If we
wish to examine a single frequency sinusoidally varying motion, we
may again describe the vertical deflection as

wix, t) = X (x) e lut

Thus our equation of motion reduces to

This equation may be rewritten as

d*x
= = @ L=0 (14)
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2
where o% = E‘% (14a)

Four independent solutions to the differential equation (14) are exp(ox),
exp(-ox), exp(iox), and exp(-iox). Note that these solutions are
independent regardless of which of the four roots of o“ is used, and in
fact, the same four functions are obtained regardless of which of the
four roots is used. For later convenience we will specify the use of

the positive real root. Now any four independent linear combinations of
the above four solutions are also a complete set of solutions. The most
advantageous set of combinations is

fo (x) = -%- (cosh ox + cos ox)
fa (x) = -% (cosh ox - cos ox) -
f, (x) = -% (sinh ox + sin ox)
f; (x) = -% (sinh ox - sin ox)

The advantages of this set of combinations, the reasons for their
selection, are

(1) £, and f; are real even functions of x

f, and f; are real odd functions of x

(2) The index order rotates under differentiation or integration;e. g.

L' (X) = of3 ()
f,'(x) = ofy (x)
£'(0 = of (%)
£' (x) = of (%)

and (3) £4(0) = 1; fj (0) = 0 for j # 0.

Then, when we write our solution in the standard form

X(x) = hofo (x) + A £ (x) + N £ (x) + Aj f3 (x) (16)

we can see by virtue of items (2) and (3) above that we obtain the happy
result

16



Ay = X(0)

0 (0)
o A, = X'(0) or A = >
0’21’\; = X'(0) or ﬂz = —2—(—)-:,'[ EI (17)
t:rs AB = X'”{O) or A! - ?\L(Eg)]-:

Therefore
0 (0)
X(x) = X(0) fo, (x) + f, (%)
M V(0
s 8 o+ 8 g (g (16a)

So, once again by obtaining a suitable solution to the equation of motion
of an elastic element, we have obtained the basic relation for the field
transfer matrix of that element. The remaining relations are, of
course, obtained by differentiating Eq. (16a)

X'(x) = ocX(0) f5 (x) + e (0) f4 (x)
0
+ —U:‘E‘I) £ (x) + _!_u«v = 6 ()

X'"(x) = o2 X(0)f, ()+ o 0 (0) f5 (%
+ LE(IQ)-fo(x)+ 01}(:911 f, (%)
X'"'(x) = o X(0) £ (x)+ o 0(0) £, (x

+ «%—%ﬂl f,(x)+lé%)- £4 (%)

17
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Combining these results for xj = Ij in matrix form, we have

— . N

Y, 0 f, (1) fy (£) d

s fo (1) p 2 EI o EI 2
f, (1 £, (£

o ofs (L) fo(2) = ':E%) 0

> = i P, > (18)
M o EIf, ({) oEIf; (L) fo(L) —L&(Q M
v |. o EIf, (1) o EIf, (1) o fs (1) £ 1. Y 1.

J] iy 13 < Jj-1

Note that this field transfer matrix is also cross-symmetrical.

At this point, let us include damping effects as part of our
analysis. We do so in the realization that for a damped system
sinusoidal motion exists only when the system is subjected to a
sinusoidal excitation. Structural damping at joints and in elastic
segments can easily be included in the conventional manner in our
equations of motion, At joints, that is at the location of elastic
springs, we introduce structural damping by simply replacing
k by k(1 +18) and k by k (1 + i) where & and ¢ are structural
damping factors. Similarly, structural damping in an elastic
element is described by replacing EI by EI(1 + iy), where Yy is
another structural damping factor. Of course, these changes in the
equations of motion are carried through in identical form to the point
and field transfer matrices. We may also take into account an
equivalent viscous damping by adding another term to our equations
of motion. For example, the equation for an elastic segment becomes

34 . 5
EI(1 + iy) —3—;‘}’- + cw+ pAwW = 0

with no external excitation on this particular segment. To solve this
equation we again let w = X (x) exp (iw t), and substitute to obtain

d' X pw?A - icw
F = e EI(1+1y) %0 (19)

18



We can return to the form of equation (14) by simply redefining o as

TR sz A - dicw (198)

EI(1+iy)

Thus, again, the field transfer matrix, Eq. (18) retains the same form.

In this case all the quartic roots are complex. As before it is permis-
sible to use any one of the four roots as ¢ in the computation since we

only require that sinhox, coshox, sinox, and cosex be independent of each
other.

a

Thus, since the form of the transfer matrices remains unaltered
by the presence of damping effects, in our subsequent examples we will
take for granted the presence of the various damping parameters in
their appropriate locations.

As a final comment, before we pass to the topics of forced
vibration and skin-stringer construction, the method of transfer matrices
can also be applied to beam grids and frames[2]. Very briefly, a single
path through the structure is chosen and by means of the continuity and
equilibrium equations of the joints and the boundary conditions at beam
ends other than the two that mark the beginning and end of the chosen
path, the structure that lies off the chosen path is represented by
point transfer matrices on the chosen path.
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IV. RESPONSE TO FORCED VIBRATION

Before we see how to use transfer matrices to calculate the
response of a structure to forced vibration, let us pause to review
a bit of the basic theory of mechanical vibrations.

The response to a structure under forced vibration, either
deterministic or random, can be described by either of the following
two basic functions

the impulse response function hpq (t)

the frequency response function HPq (w)

The respective meanings of these two functions are as follows. Let the
structure be at rest at t = 0, and let the excitation be a unit impu.lse*
applied at station q at time t = 0. Then hpq (t) is the response at
station p. See Figure 7 below. Let the structure be stable (say
positively damped), and let the excitation be a unit sinusoidally varying
load (elw% applied at station q. Then the steady state response at
station p is Hpq («) elwt,

h(t) or H'lu.\)ei"“t

|

|

I 2
6 =
f -~
| Pl
| -
l - |

P = :

AN

Figure 7. Beam of General Configuration

* A unit impulse at time t=t is described mathematically by the
Dirac delta function, §(t-t). Its definition is, for an arbitrary
function I'(t)

o0 t+e
r(t) = J F(t): 6(t - 1)dt = J T(t): &§(t - 1)dT
=5, t=¢
where € is arbitrarily small. It is sometimes described as a func-
tional because it is not a function in the ordinary sense, i.e. while
§(t) = 0 for almost all t, it is not specifically defined for t within
the interval (t-¢, t +€), € arbitrarily small.
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An arbitrary forcing function can be considered as a continuous
sequence of impulses, i.e. we may write

+oo
Pq () = ‘[-cn ]:'-"q (t) 8(t - T)dr

A response at station p to the forcing function can be described with
the aid of the appropriate impulse response function for the two stations,
i. e,

_ 4o )
QP (t) = j"_m Pq (7) hpq (t - 7)dr

On the other hand, if a spectral analysis of the forcing function is per-
formed so that

+00 — iwt
Pq (t) = I—oo Pq (w) e dw
where
= 1 +m ~iwt
Pq (w) = o j'_oo Pq (t) e dt

then the response to the forcing function Pq (t) can be written
0 = iwt
a (t) = P H w) e dw
o0 =[5 Py @H ()

Using a few simple steps we can show that

t

0o -iw
H w) = ht) e dt
0q @ = [% B0
1 oo iwt
h t) = — H w) e dw
g =5 I H (@

That is,outside of the adjustment of a constant factor, these functions are
Fourier transform pairs.

A simple example of these functions is to be found in the case of
a single degree of freedom system. Here p = q = 1 (omitted), and
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exp (-t_,mnt+iwn J1 -¢% t), fort>0

me V1-¢*
h(t) =
0, fort <o
and
1
H(w) =

m(wnz - wf 4+ 2if ww))

The technique of transfer matrices can be used to compute
frequency response functions. For illustration, consider the non-
uniform beam with end conditions sketched below.

Figure 8. Segmented Beam of General Configuration.

The beam is approximated by a finite sequence of uniform sections
between stations. Any arrangement of interior elastic supports may

be included in the problem. We are interested in obtaining the response
at station k due to a unit sinusoidal force at station j» We may need

to be more specific about the response, that is, decide whether the
response on the left hand side or the right hand side of station k is the
response to be calculated. For the sake of definiteness, let us decide
we want to know the response on the right hand side.
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To develop the equations in a natural way, let us again start at
the left end of the beam and proceed to the right. By our previous
work, we can immediately work our way to the left hand side of the
impressed force.

£ 1 T r
2. = . [7] VA
] J (o] (o]

The impressed force is simply introduced by writing
0
T 0
iy &
{zj j[T]o{Z}o LK
1

(Recall the factor eimt is common to all terms of these equations.,)
Proceeding from this point, we have

T s 1y X
{z} = [ =] {z}
k k 3 j
so that
0
r r r T r : 4
iy = [T (Z} + [T] g (20)
k k fo) o k j
1
This is our first of two basic equations. In expanded form it is
> 0" 0
&) r T [e] T T 0
= [T] # Em] 20a
M k o 0 k j 0 ( )
\'4 v |
k o

where we have inserted the boundary conditions at station 0. In
addition to the elements of the state vector at {r, k), the slope and
shear at (r, o) are unknown, These elements can be eliminated by use
of the boundary conditions at station N in our second basic equation,
which is merely a continuation of the first equation. It is

- L . L g (21)
0 = o]t d oy « I

M N 0 0 N ]j 0

v Vi 1



Now, from the above two (4 x 1) matrix equations, (20a) and (21), we can
extract the following two equations, respectively.

P T = r r r
X [t,  ti © t
@ - taz  tz4 + t24
M t3z t34 V t34
v k k __t4z t44__J 0 0 3 t44 J

A Jr o 1 T
0 the ty e + ty4
0 tz2 tzu \4 t2 4
NL 0 0 N j

Then solving the second of these for

o|* 4
s s b tiy
Vo N| tzz tzs tz-s

and substituting this quantity into the first, we obtain

H

(=]

Ir Tr
X tiz tig -1 t 4
1 T i T

© = taz tay tiz t)4 t 4 t24 (22)
< - o L ?

M t3z  tag N t2z  tas 0 n t2 4 i tiq

v tyz  tay tys
v JE Gl _lo kKL

The left hand side is the set of amplitudes of the response as functions
of the frequency w due to a unit sinusoidal force excitation, which by
definition are the frequency response functions for these circum-
stances. Of course, the frequency response functions for a unit
sinusoidal moment can be obtained in an exactly analogous way. The
result is

(x“ T r Elz t;: r(—tli., r

J © L tzz tay 13 . tas
M| T t3z tag 3}_ 3 tss f (a2}
v tyz  tygs ? tys

L 4% Bl g x| J;

Of course, other boundary conditions lead to the selection of other

elements of the transfer matrices.24




V. FLAT STRINGER-PANEL SYSTEMS

We will discuss two types of stringer-panel systems. We will
begin with flat stringer-panel systems, and when we have determined the

method of solution for these, we will proceed to discuss the more

canplex case of curved panel systems. A sketch of a typical flat panel

array is shown in Figure 9,

Frame (Simple Support) -—;Z
— 'll_'_""T

Strfinger

i B ﬂ v

Frame (Simple Support) ——S

g

Panel No.

4—1 2 j
RN
Ka 1. 2

>
A

‘Stringer No.

Figure 9. Flat stringer-panel model

To simplify the presentation of both the flat and curved panel

analyses, we will limit our attention to free, undamped vibrations.

The treatment of the cases of damped and forced vibrations, as has
been explained, is little different. A simple forced vibration example

will be given in Section XII.
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Note that, while in the case of beams we made no restric-
tions concerning the boundary conditions, in our flat panel mathe-
matical model we specify simple support boundary conditions at the
frames. As will be seen, this particular arrangement allows us to
reduce this essentially two dimensional problem to a one dimensional
problem. As pointed out before, once we have a one dimensional
problem, we may employ the method of transfer matrices. Most
actual construction is not such that the conditions of simple sup-
port exist at the frames. However, because the distance between
stringers is usually one half or less than one half the distance
between frames, and since fatigue failure can be expected to begin
in the panel skin adjacent to the center of a stringer, this model
is quite practical for the study of the important problem of fatigue
stresses in actual panel construction. More generally, this same
argument can be extended to claim validity for applying the results
of this model to construction with different boundary conditions at
the frames if the response of interest is located near the mid-
distance line between frames.

The standard plate bending equation of motion for the panel
skin is

L g L, &
3w + 2 W W _ . h = (23)
ax" ax2 3y? By“ D

For a discussion of the underlying assumptions and derivation of

Eq. (23) see Reference [7], pages 39-1 through 39-3. 1In this problem,
with simple support at the frames, we may obtain a solution in the
form

w(x, y, t) = elwt y (y) sin 2%5 (24)

where we take advantage of the known modal form in the x-direction.

For each n, the function Y, is the amplitude function in the y-direction
It corresponds to X(x) in the beam problem, and this unknown is, of
course, only a function of one space coordinate.

Substituting Eq. (24) into Eq. (23), after cancelling exp(iwt)
and sin(mmx/b), we obtain for each stringerwise modal number n
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4) am \ 2 1" nw \* w? h
B w2 () - B on @

We have two unknowns in the one equation, w and Y,. We need
to determine those special values of w (in mathematical terms the
eigenvalues, or in dynamical terms the natural frequencies) for
which we can also determine solutions for Y, up to an arbitrary multi-
plicative constant, (the eigenfunctions, or normal modes of an undamped
system.)

We can write the characteristic roots of Eq. (25) as +0,, -0y,
+io, , and -io, where

o ()"
o [(VE-()

2

(26)

Since for each n, (D1/4n1r /h1/4 ) 1/4 b) is the smallest natural
frequency of an infinitely long panel row without stringers[ 8] , and
because the addition of stringers and boundary conditions at a finite
distance would increase the stiffness and hence the natural frequen-

cies of such a built-up, finite system, we can conclude that o5 is a
real quantity.

Let us now turn to our transfer matrix techniques. We are
here interested in determining the deflection, slope, moment, and
shear in the panel skin along any plane perpendicular to the x-axis.
The deflection and slope, of course, depend upon Y, and Y
respectively. Sincel 7

3% w zW
M = +D(~:5-Y1- + v —-5-;(-5
3 2w 3w
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we see that we can describe these quantities of interest by employing
Yn and its first three derivatives. Therefore, as a stepping-stone to
our final state vectorl_Yn 44 M, an! let us consider the state vector
LEn s S Y;l] and discover how it may be transferred across a field,
i.e. across a panel.

We already have the first part of the solution to the panel prob-
lem in terms of the solutions for the chatacteristic roots of our reduced
equation of motion, Eq. (26). These roots, of course, allow us to
write a solution for Y, in terms of (e.g. expodential functions of) w
for each panel. Then, analogous to the continuous beam problem, our
next step is to express the panel solution in a form appropriate to our
state vector Lyn Yy Yo' Yo"] . Again we start by expressing our solution
in the form of the sum of four independent functions, i.e.

a0 = Ay £5(y) + Ap £1(y) + Ay £5,(y) + Ay £3(y) (27)

so that among other conveniences, Ao = 1 (0), Ay = oy, Ay = Yé'(O),

n . . .
and Aj3 = b s (0). As in the case of the beam, we by-pass solutions in
the form of exponential functions, and concentrate on combinations of
the hyperbolic and circular functions. Specifically, these independent
solutions are sinh 01y, cosh 01y¥, sin ogy, and cos 02y. The combination
of these that we seek is

1
£, (y) = EIET:T;_E (022 cosh oy + 0% co8 93 ¥)
2
2
£ (y) L e i e )
y) = sinh o,y + —— sin o,y
1 012 + 0y2 3 | 0y 2
(28)
faly) = S > (cosh o7y - cos o,y)
Ul + 02
- 1 1 s 1
fa(y) = = Y ( o1 sinh oy - 5, sino,y)
1 2

(A general procedure by which we can calculate the desired functional
forms of our solution will be illustrated for the more complex case of
a curved panel segment.) The functions f, and f, are even while £1
and fg are odd, fg(¥)(0) = 0 when r # s, and fs(¥) = 1 when r = s,

for r, s = 0,1, 2, 3. However, because 0 # oy, f;(y) # fsq1 ()3
i.e. the nice index rotating property that was present in the case of
the beam problem does not exist here. As a result of this, we will
require more than four functions to construct the transfer matrix for

Lgn s g Yﬁtj.
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Now that we have as our solution Eqs. (28), we can write

Y, () = Y, (0 £fo(y) + Y, (00 f (y) +Y_ (0) 2 (y)

+ Y (0) £3 (y) (27a)

Thus, again, by differentiating and then setting y = A, we can establish
the relations between Y and its derivatives at y = A\, on one hand,

and Y_ (0), Y}h (0), YH (0), and Y{' (0) on the other Hand. These
relations in matrix form are

£ T
(v = fY =
n n
¢ YI‘1
n
<9y ¢ = R S e (29)
n n
Ylll Y111
n n
= 4 R S

where y = )‘j corresponds to (£, j) and y = 0 corresponds to (r, j-1),
and

’_Co S_l C.a S_s
S, Co B.; c_,
[R ]j= - .
C; S, Co S_,
S3 C. 5, (o
where Co = fo (Rj)
S_,=f (A j)
C...z= fZ(kj)
S_3= f3 (Rj)
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Co =
C, =
g-l =
S, =
5, -

S3 =

1
g g
U'IZ +U'2

.JL%__EL__E

o " + o3

1

2

(0y* cosh oy )«j + 0,2 cos o, ?kj)

- cos 03 A)

j

(cosh o, A

j

(o; sinh o ?Lj + o, sin o, )\j)

(0, sinh o A\, = o, sin o, Xj)

j

3

(6, sinh o, X, = 0, % sin oy ?\j)

(o, sinh o, }\j + o, sin o, )\j}

At this point we will convert the state vector | Y, Y! Y. Yi']|
to one which will represent the variations in moment and shear in the
We do this by expressing the moment and skear in the
same form as the vertical deflection, i.e.

y direction.

M
Y

\'
Yy

eimt M, (y) sin BIX

iwt

(30)

n
e Vi (y) &in ZIX

From Eqs. (27) and (30), by means of the orthogonality properties of the
sine function, we can obtain

M_(y)

V., (%)

n

]
D [Y" - v(ﬂ') Y ]
n n

b
(31)

2
" E_E 1
D[Yn'-(z-v)(b) %]

This immediately leads to the matrix form
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"
( Yn 1 i YI'I.
Y! Y!
n n ,
{z}= + =[B] " (32)
1 M 1 j T 4
v 4k
\ J \ /

where the conversion matrix and its inverse in detail are

[ =
1 0 0 0
0 1 0 0
[ B ] . = 2
J LU
-ov () 0 D 0
2
nmw
o0 20 (% ) D 0 D
j
e =
1 0 0 0
| 0 1 0 0
b D
2
nw 1
| 0 (z"')( b ) 0 D
=49
Now we are in a position to write
Fo g
n n
¥! Y!
n n
— >
S mM O [F], 1 M (33)
n n
Vn vn
“ Ji — J j=1
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where [ F] . [ B] [ RI [B]:" is, of course, the field matrix
which transgers the state vector LYn Y' M, V _l across a panel.
The ma.trix [ F] is symmetrical about 1ts cross- d1agona1 and

[Fby) 1! = [F(-py].

Now that we can leap panels as we wish, we turn to our last
hurdle, the crossing of stringers. To find the point transfer matrix
which transfers a state vector across a stringer, we must take a
closer look at the stringer. The stringer does not interfere with
the continuity of the deflections and slopes in the skin on either side
of the line of attachment between the stringer and skin. Thus, very
simply,

Yn (£! J)

Yn (r, J)

Y;l (ry j)

vl L, 3

However, the stringer, because of its elastic and inertial properties,
does produce what we will consider to be an abrupt change in the
moment and shear in the skin at the line of attachment. To determine
the form of the change in the shear and moment components of the

state vector we will make use of an existing theory which deals with the
bending and torsion of a general thin-walled member of open cross-
section. This theory is the result of a number of distinguished
engineers, a few of which are: Timoshenko (in 1908); Wagner (in 1929);
Goodier (in 1941); and Argyris (in the early 1950's).

The basic deflection equations of the stringer are

ELw, 4 4 EL, v°(4) - Bl
EIQ vo(4) + EIT}{. w0(4) = q(x) (34)
EC_ L T = 5

where I , I, and I are the centroidal moments of inertia and pro-

duct mor?lentt’of inertig.{:' G is the shear modulus of elasticity; the sub-

script o refers the deﬂections w and v to the shear center ; C is the
warping constant of the stringer cross section with respect to the shear
center ; C 1is the Saint-Venant constant of uniform torsion; P and @
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are the distributed loads at the shear center along the stringer in the
z and y directions respectively; T is the distributed torque about the
shear center; and primes indicate differentiation with respect to x.
The first two of equations (34) can be derived by simply (a) super-
imposing the strains of a stringer cross-section due to curvatures

in the two perpendicular planes (plane sections assumed to remain
plane); (b) integrating the corresponding stresses to obtain the values
of the moments in terms of the deflections; and (c) differentiating to
obtain the distributed loads. The derivation of the third of Eqs. (34)
can be found in Reference [7], section 36. 8.

The distributed forces and the distributed torque about the shear
center are a result of the acceleration of the stringer, and (reversing
our original point of view) the differences between the forces and
moments in the skin on opposite sides of the point of attachment S.
Specifically

P(x) = (-V + Vl)-pAﬁrc
2 “
T(x) = (N} -N,) —0A ¥
T(x) = (M ~M)—(N¢-N¢)s - pAv, c,

+ pAw_c_ =pJ Y
c 'y c

where Ny is the amplitude of circumferential tension per unit length;
p is the stringer mass density; A is the stringer cross sectional
area; J. is the stringer area polar moment of inertia about the cen-
troid C; ¢ , c¢., and s, are distances illustrated in Figure 10, and
the subscript ¢ on the deflections refers them to the centroid C.

Our basic equations are expressed in terms of the deflections
at the stringer shear center 0 and the stringer centroid C. oOur
purpose is, however, to express ourselves in terms of the y-coordinate
continuous deflections of the panel skin. This can be accomplished by
noting that the deflections of the stringer and those of the skin are the
same at the point of attachment S. As can be seen from Figure 10,
the deflections of the stringer at point S (no subscript) are geometrically
related to those at the centroid and shear center as follows
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w=wo-sz(1-cos¢)=wo
Ve, =B,

(36)

Substituting these relations into our equations of motion (34) and (35), and
combining and rearranging them, we obtain

8, v(4)+EI 8 w(4)

M -M =EC ¢(4)-GC¢"+E1 nt®z

w8

g

+ szq; == pA(cz-sz)v+ pAch

(4) (4) (4)
- EInw - El, v ' - EL s, ¥ (37)

<"‘l
.

- pAW = pAc ¢

r ! (4) (4) (4)
N, - N, = EI + EI + EI
6 "o A ng ¥ g
+ p A ;; + o A (Cz - SZ) l,]J
where C = C + I, s ? is the warping constant of the stringer

cross-secfion with regpe%:t to S as the center of twist, and Jg = Jo +
Ac? + A (cz - az)z is the area polar moment of inertia of the
strihger cross-section with respect to S.

We now recognize that the flat panel system undergoes negligible
lateral motion, i.e. mathematically v = 0. This is in keeping with the
underlying assumptions of our equation of skin motion, Eq. (23). That
is, Eq. (23) is a bending theory equation in which bending of the plate
produces no horizontal motion of points in the plate middle plane. (On
the other hand a bending theory of curved panels will obviously have to
include lateral deflections.) So, substituting v = 0 and ,g_l" = |y into
Eqs. (37) we obtain 4
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M- M o= EC 35w GO AN
Bx"*By szay
4 3
+ EIng s 3W 4 o1 2E¥ . 4 PR e
dx S 3yt
") L
VJ:‘_V=_E]tna_""'-E'.[ncsz—ai
3x ax"ay
2
- pA .a__% PA cy 331'2"
at dyd<t

(38)

We conclude the derivation of the point transfer matrix by substituting
the expressions for w, M, and V, Eqs. (24) and (31), into Eqs. (38) to

arrive at

(My)" - ()% = [BC,. (3D)* + Go(BL)2 —wpI_JY'

+ {Elnc sz(%)l+ —mszcy]Yn
= d ¥, e X,
r I' [ 2
) =)~ = -[EL(ED)™ - wPoAly,

= [EIn.; Sz - w2pA cy]Yn'
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n

-8Y - 4y’

A
We note that the quantities &, d, and € are functions of the natural
frequency. Thus, in conclusion, we can write

T %
= (ko)
[z}j [G]j {z}j
where
= I 0 0|
[C»]J i} 0

0 1 0 0

d ¢ % 0

& - 0 1
— -—lj

and the subscript j associated with [G] indicates that the elements of the
point transfer matrix are computed from the physical data of the jth
stringer.

The only exceptions to the cross-symmetry of the stringer transfer
matrix are the elements d and -d. These exceptions are a result of the
stringer cross-section being unsymmetrical; ie. d=0 if the section is
symmetrical, and when the direction of transfer of the state vector is
reversed causing a far-side eccentricity to become a near-side eccen-
tricity, d becomes -d.

We now can proceed to calculate the natural frequencies and modes
of the entire panel array. Let [T], with proper subscripts and super-
scripts, denote the general transfer matrix relating the state vectors at
any two stations on a panel system. For example

yln1] = [PY [61 ) [FD  -o- (6], [Fl,

and

1]

w1l = (o) [Pl [Gley +++ [Flye [6];
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For the purposes of discussion, let us assume that the two extreme
ends of the panel system are supported by stringers. In this case we
write

r . X L L
{Z}N = N[T]O {Z}O (k1)

where the state vectors are for the free edges just outside the lines of
attachment of the end stringers. Hence in both state vectors the

moment and shear are Zero; ie.

r W
{2}y = "YJ (2} = (Yn
p X!
< 0 < 5
0 0
0
\-OJN -~ Jo

Thus the following two by one matrix equation can be extracted from
equation (41).

" '3 2
0 t3l t32 Yn
- (h2)
0 t t y.!
N 41 Lo 0 n_4

For this equation to have a non-~trivial solution, we must have the fre-
quency determinant equation
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which can be solved for the natural frequencies of the skin-stringer
system. The simplist method of obtaining a numerical solution to
this complicated transcendental equation is that of graphing A(w). Its
zeros are, of course, the natural frequencies.

For a given root w of the frequency determinant equation, the
associated normal mode can be obtained as follows. Let Y at (2, 0)
be arbitrary. Then the magnitude of Y at(%,0) is determined from
equation (42) as

t
_ .3 41
o ® = Ta® ~Fa e

Let us say we are interested in the modal deflections of the jth panel.
By use of transfer matrices we can obtain

3
Yn
YT
2y, = j_i[T];{O'} (Lk)
0
0

From this we have ({y}¥ &

J-1
(o) Y
Jmo | - (817 (21, (45)
¥)*(0)
O™
The elements of {Y}g_l are the constants \, , A;sA,, and \,

appearing in equation (27a) from which we can calculate Yj(y).
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V. CURVED STRINGER-PANEL SYSTEMS

The analysis for curved panels is more involved that that for

flat panels. It is possible to approach the problem by means of a
distributed mass mathematical model, but to reduce the complexity of
the problem we will lump the distributed panel mass along discrete
""mass lines'' running parallel to the supporting stringers. The mass
lines will be numbered ..., j-1, j, jtl,... . The corresponding masses
per unit length of mass line are designated ..., Uy g My Hagy eneo
and the rotationalmoments of inertia per unit length of mass line are

e Jj—l= JJ . JJ+1, +++ + The line masses are connected by massless
segments of thin cylindrical shells. This discrete approximation of a
curved panel is depicted in Figure 11.

The usefulness of this model is as before dependent upon being
able to consider the panels as simply supported at the frames, i.e. along
the curved edges. When this ability exists the problem is reducible to
one of one dimension, and the same general procedure as carried out in
our previous problems will yield a solution.

We will first concern ourselves with developing the field transfer
matrix, the matrix which will carry us across the massless shell seg-
ments between mass lines. We will base our development of the field
transfer matrix on Donnell's shell theory, an approximate theory which
is obtained by eliminating those terms of the more exact theory which are
of minor importance to the case at hand. For an[ ﬁloaded and massless

cylindrical shell element, the Donnell equations are
2 2 2
a? 88 1.y TR el glany) X -, T = p
83?2 2 392 2 9x3¢ ax
2 32 2
Za (1) o+ — Y e L 218 - W o (46)
X6 342 ax2 1)
L L L
uag—u+a—v—w—k gt W 40g2 W + 3% = 0
X 8¢ ax'-& 3 2Y¢'2 a¢l+
where
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Figure 11, A Typical Curved Panel

41



a = the radius of curvature of the segment (note that
this quantity may change from segment to segment)

k = h?/12a2
v = Poisson's ratio

¢ = angular coordinate of the shell segment
(a¢ corresponds to y of the flat panel)

These are two second order and one fourth order partial differential
equations in three unknowns, the displacements u,v, and w. They can
be combined into the following single equation of the eighth order in
one unknown.

L
a8 kv w + a(1-v?) i =0 (47)
axt
h = 22 1 32 8 244
where ?2‘-—-+——a.ndv=(v)
3x2 a? 9¢2

With simple support conditions at the frames, the solutions for the case
of a single frequency oscillation can be written as

elwt T (¢)cos E:—x

c
|

elwt Lyn(¢)5in _n_1_l;_x_ (48)

<
1

i in DTX
1wt o (¢) slnT
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Substituting the above expression for w into equation (47), we find that
WAL must satisfy the following ordinary differential equation.

) (8) _ thi ¢(6) + 6q; q)l(lh) _ hq,g q:nlr

n n

€y g+ = 0 (49)

’ 2 2
h2

The eight characteristic roots of this equation can be written as

P
t-\/qn,,_%(ilfi)

or, to better suit our purposes, in real and imaginary component form
as

I
7}
|_l
I+
[
(=5
=
o

The values of these components work out to be

/(a2 + /2 app + 920" cos(} are tan —B— )

Yl =
2 aq, +p
; b Ll 50
§, =va (a2 + /2 qp+p?) sin(5 arc tangq‘iT;) (50)

Y2 /Q(qﬁ - V2 p+ p2)1/‘4 cos[% arc tan p/(vV2 q, - p)]

)'L/ll sin[% arc tan p/(@ q, - p)]

(=]
1

= /q (o - 2 qp + p?

and, in all cases the principal value of the arctangents are to be used.

When the characteristic roots are expressed in terms of their real and
imaginary components, we can say that Eq. (49) is satisfied by any of

the following eight beharmonic functions
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coshyl¢ . cosél¢, sinhyl¢ S 31551 61¢,

coshY2¢ 5 c0552¢, sinhy2¢ * sin 62¢,
51nhyl¢ 4 c0561¢, coshyl¢ + sin 61¢,
51nh~(2¢ 2 c0562¢, cosh72¢ ¥ sin 62¢>.

The eight solutions we will use will be linear combinations of the above
solutions so as to facilitate the construction of the field transfer matrix,
We will write our desired solution in the form

T
‘Pn(dﬂ = igoﬂi £:(¢) (51)

and, so as to have even subscripts of f imply even functions of ¢, we

further write for i=0, 2,4, and 6

s S +
5 ailcoshqu; cos 51¢ s p

+ ai3‘3°5h\(2¢ cos52¢ + o), sinhYEq, sin 52¢

sinhqug sin 614;
(52)

and to have odd subscripts of f imply odd functions of ¢, for i=1I, 3,5 and
7

f. = ailsinh Y14 cos 51¢ + o

i i2 cosh Yl¢ sin Gl¢ +

(53)
@33 sinhv,¢ cos 6,9 + a5y cosh Y4 sin §,¢

Before we can construct a field transfer matrix, we must agree on
a suitable state vector. The eight quantities necessary to specify the state
of the cylindrical shell segment are

1
T Tods ¥ Y s (V) (N¢)n, and (Nyy)
These eight quantities in the order given will constitute our state
vector. The meaning of the last four quantities is to be seen from
the following relations[7]. The second part of these relations are
part of Donnell's theory of cylindrical shells.

a5

nmx |
Mg = el¥t (M¢)nsinT=D(;z ———-l-v?)
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3
iwt nmx _ 1 3 w 1 33w
\' e Vv gin — =D - . — + (2-y) — -
$ ( ¢)n o [ a3 23¢3 a 33x2
= lwt nmx = d
Ny e (N¢)n sin e Ehz (.l v o _w g
1-vZ\a 3¢ 3,
and
No, = eltt (Nyx)p sin E%i (54)

_Eh (1  du , 3v
2(1+v) a 34 ax

See Figure 12 for visualization of Mg, Vg, Ny, and N¢,. From these

relations, Eqs. (54), and their counterparts for the deflections,
Eqs. (48), we can see that

(M¢)n depends upon ®'L and ¢

n

(V¢)n depends upon  ¢'"_ and o'y

(N¢)u depends upon  Y¥'p, ¢,

(N¢x)n depends upon T', and V¥

Therefore our initially chosen state vector can be replaced by a state vector

composed of the eight quantities ¢, ¢',, '}, o"',, Y¥,, ¥'y, T, and
T'y. Moreover, from the second and third expressions of Equations 246),
we find that T can be expressed in terms of ¥' , ¢, ¢',, and ®n s
T',, in terms of ¢', ¥, and B | @' o', ¢'"h ¢n (4)

Y, ¥'p Y'L]is still another possible state vector. It is this latter

form of the state vector that we shall use as a convenient temporary
replacement for our initially chosen, more descriptive state vector in
order to determine the essential features of the field transfer matrix.
Once this is done we will use a conversion matrix to return to our
initial state vector.

At this point we return to equation (51) and resume our

search for the field transfer matrix. Another attribute that we will
require of our solution is that the f;(¢) are chosen so that
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Ag = 9,(0) A, = o' (0)

Ay = 3',(0) Ay = o"i(0)

A, = ¢n(4)(0) ns = v (0) Vs
Ng = ¥',(0) A=y (0)

One further consideration before we fully develop our solution: the
solution for Jp is not independent of ¢,. From the second and third
equations of (46) we may obtain

(5)

L vqp’ ¥y = Dy, o+ Mpet, 4 ongdy
(56)
_ 1+v 4
where ny = 1+1—__\"kqn
g 1-v »
- 1ty
3™ Tew
Now let us define
é
vo(e) = 1 Ap gi(e) (57)
i=0
Then
T g (5)
izg A (8" + va 28;) = .Zo Mny £'5 + np £y + n3 £3°°7)
=| i=

Since this is true for any set of A., Eq. (56) becomes a relation be-
tween the functions g;(¢) and fi(flijifor any particular i; i.e.

gni ¥ quZEi = ”1 f!i + n2fl“i Y n3 fi(ﬁ) (58)
We note that g;(¢) is an odd function if f;(¢) is an even function, and
vice versa. A property of the f j functions, which we will use again

later, is their essential permanence of form under differentiation ex~
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cept that the odd functions become even, and vice versa. Thus a solution
for g;(¢) may be written in the form

g;(¢) = By; sinh Y19

for i=0, 2, 4, 6;and

Si(cp) = B3y cosh yi¢

Big

for i=1, 3, 5, and 7.

cosh Yoo

cos §;¢ + Byjp cosh yq¢ sin 8,9

(59a)

cos 650 * B:) cosh Yoo sin S5¢

cos §7¢ *+ B;jp sinh Y16 sin §,¢

cos 8o *+ By, sinh ypo¢ sin §5¢

It will be convenient to collect these various definitions of fiand g4

into matrix form as:

for i=0, 2, 4, or 6.
£:00) = |agy oy

gi(¢) = | B B

for i=1,.3,5, oxr 7

£,(0) = |agy ey
g (0) = |&1 By
where
f

{Ee} = cosh ;¢
sinh vy-¢

< i

cosh Yoo

sinh yo¢

% 2

i3

%33

B3

cos 61¢
sin 61¢
cos 62¢

sin 62¢

(60a)
BikJ {50}

(60b)
Bth (g}
r
J
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[
{E,O} = sinh y;¢ cos ;¢
cosh y1¢ sin §1¢

sinh Yob COS  8p¢

cosh sin
Yod Sod
- 3 e

To obtain our desired solutions for ®_ and ¥, we have to evaluate four
constants for each of eight f; functions and each of eight gy functions
or a total of sixty-four constants. We begin by returning to our differ-
ential relation between ¢, and ¥, in order to relate the B coefficients
to the a coefficients, and thereby reduce immediately the problem to that
of evaluating thirty-two coefficients.

As a step preliminary to shaping the relation between the a and B
coefficients, we want an economical means of describing differentiation
When properly organized, straight forward differentiation yields

d

3 fi(e) = Loy ®p 65 uth[D] {0} (61a)
for i=even, and

d
as file) = I_.ail a3p 043 uiuJ[DI {ge} (61b)

for i= odd, where

(D] = [n -8y 0 ; |
61 Y1 0
0 0 Yo -8,
0 0 5, Yo

Of course, the similar situation that exists for g;(¢) can easily be deduced
from the above. Therefore differentiation of either f;(¢) or gy(¢)is
equivalent to the application of the matrix of transformation [D] to the
opposite column matrix of biharmonic functions; that is, for example,
differentiation of f; with i even, means replacing {¢.} with[D] {gq1).

Now we are ready to relate the # coefficients to the o coefficients
by means of Eq. (58). Direct application of the differential operator
yields

Legd (D] +va ? [1])

=Lo; 1(ny[p] + np [D]3 + n3(p]°)
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or

L8l ik] = Lad(L]

'

8;d = o, (L]lK]~2 (62)

where [I] is the identity matrix, and the definitions of [K] and [L]
are clear. Let the coefficients for g!(¢) be « K

i2, Ki3, and ky,,
and those for gj'(¢) be Ti1s Ti2» 113,iand Tia.il%hen . 1

Legd = Loy D121 k171

lty] = Loy D1[L] (k17T

The task that remains is that of specifying the thirty-two a
coefficients. We do this by returning our attention to Eq. (51),
Egs.(52) and (53), and Eq. (55). It is our purpose to guarantee
that Eq. (55) is satisfied. Since (1) we segregated the functions
£;(¢) and g4(¢) into odd and even functions, since (2) we are inter-
ested in the values of these functions for zero arguments, since (3)
and even number of derivatives of odd functions and an odd number of
derivatives of even functions produce odd functions, and since (L)
the value of any odd function of zero argument is zero, we may con-
veniently treat the odd and even functions separately as follows.
The sixteen conditions the even functions must satisfy in order to
fulfill Egs. (55) are concisely stated in the matrix form

[£,(0) £5'(0) £o(%)(0) g'(0) |
£5(0) £,"(0) fz(l‘)(oj g'p(0) |~ (1] 64n)
£,(0) £,"(0) £, (0) g',,(0)

| £6(0) £6"(0) r6 (% (0) g'6(0)_|

The sixteen conditions for the odd functions are
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1, (0) £"10) g (0)  &"y(0)]
£1 (0) £ (0) (0) " (0)
3 g g
3 3 3= 11 (63b)
f's(O) f'"5(0) gs(O) g"5(0)
__f'T(O) f’”T(O) gT(O) g'%(oz_

One advantage of treating the even and odd functions separately is that

it reduces the size of the above matrix statements. This is a total of
thirty-two conditions for the thirty-two o coefficients. Let us look at
how these statements in terms of the £y (¢) and gi[¢) functions may be
conveniently rephrased in terms of the « coefficients. Again considering
the even functions as examples, £,(0) = 1 means

1
o o o o 0 s
L_Ol 02 03 ogJ 1 = 1
0
fo''(0) = O means
1
Loyl ]2 ¢ 2 - 0
0
fo(’*)(o) = 0 means
1
Logd (9149 7 - 0
0
8'0(0) = 0 means
1
-1)0 _
Loyl [PIL]IK] 1 = 0
0

If we repeat this analysis for the remaining twelve expressions, and
combine our results, they are

[ o
%01 %02 %53 %ol
%21 @52 %53 Go)
[ql = [1] (6L4)
Oy %2 %43 o)

| %61 %62 %63 “su
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where [Q] has as its columns

1 1 1
0 J 0 0 0
I, @125 ¥, @Y L, and [DI[LI[K]TY & V.
1. 1 1 1
OJ 0 0 0
- . J S . /

Hence, for the even functions

[A] = [qQ]! (64a)

and for the odd functions

(a] = [u]™! (64b)

where [U] has as its columns

(1) (1) (1] 1)
0 0 0 0
D14 r, @3*< >, [LIKI"P< &, and [DI2[L](K]-1 < »
1 1 1 1
. J \0/ L‘OJ \0/

7

0,(0) = ) Ay £ (9) (51)
i=0
7

Ya(9) = 1£o Ay gy (9) (57)

and we did this so that Eqs. (55) are satisfied. Hence the state vector

LEJ:Ldpn o'y oL ot o)y wr (65)
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can be determined at any value of the argument ¢ from its value at
¢ = 0. That is, in particular we now have the transfer matrix by
which to obtain {Z} at ¢ = Bj.

where the elements of [R]j are given by

r o . Q. o . o

kg = il i2 i3 i4 | [D] k-1 8.3
I_ __I {el j)

for £ = 4#%1, k=1, 2, 3, 4, and 5
and

reg = Lo %0 043 oyl §0% Ly

L] (k171 (£(8,))

for 8 = i+l, k = 6, T, and 8

and where

I

even

{a(ej)} = {5e(33)} for 24k

{E(Sj)} = {E,O(Gj)} for L+k = odd

The (5} vector is not suitable for the incorporation of boundry con-
ditions, nor does it conveniently mesh with our analysis of stringers.
There:fore we will now conver.t LE]-{;? LZ1 = 5 Yy o %""n (M¢)n(v¢)n(u¢)nm¢x)§,
The first component of our mixed displacement and force type
state vector can be expressed in terms of the components of |= | by
referring to the third of Eqs. (46). From this we find that

- l mn l'l)
Ta(®) vo [¥' - (1+kq?) o, + 2kq2 o' - k¢1(1 ]
The second, third, and fourth elements of LZJ present no difficulty.
Referring to Egs. (5k4), we have

_ 1 32y 82
M¢ = D —_— — + 3 W
( a? 3¢2 ax2
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So,

Similarly
= 2 1 32w Bzw
V¢ a%[azw*'(zv)w]
and
19, 2l - (emvlagfon
a
Similarly
N - Eh 1 21 I du
¢ 1-vZ \ & 3¢ a 9%
so
Eh
N = 1 Fe =
( ¢’)n R (¥ - ‘Dn uqh Tn)
_ (k)
= = (a%®, - 292" + o, ')
Similarly n W' n :
. B .1 w0
Nox = za+wy (& 3¢ " ox )

80

- Eh
(N¢x)n = TaIe) (T'n+qn ¥o)

It follows from the second of Donnell's equations, Eqs. (46) that

2 1-v 2 -

v = I T -
L™ (1+V5qn Yn-Tw %'a (l+v§qr1 Y

Therefore

Eh % | 1 '

- — (= Y" +VG ¥ -2 ¢')
a(1+v)? g 1 R % gq
n n

(N¢xJ
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Now we can set up our conversion matrix so that

{z} = [B] 12} (66)

where the subscript j is associated with [B] indicates that this matrix
is to be computed from the physical constants of the j th ghell segment.
The details of the matrix [B] can be found on the following two pages.

The {7} vectors at the two opposite edges of the jth shell segment can
now be related by writing

817 zF

2
Wy = G Bl 8y Wy

= [F], {2}, (67)

This completes our development of the necessary field transfer
matrix, and we now turn our attention to the point transfer matrix
mecessary to account for the effects produced by a stringer and a
mass line. Egs. (37) are our starting point for the case of a stringer.
If we insert the series expansions for the deflections, monent, shear,
and tensile force into these equations, we can write the result for a
stringer as

r L A - A

(M) - (M) = ¢ =0, +de +£¥

(Vy), = (V) =é¢n-a-%_ o'~ g ¥ (68)
r L = i i ~

(Bl ~ ). = BR 4 €= & 28

where the quantities ¢ , d, and ¢ are detailed in Eqs. (39), and
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a I

£ EI, s, (3 )+ ohley - 5,)u?

~ - n_-n L (69)
g EIHC( - )

h = EIg (E;.)i pAw?

The corresponding contributions of a panel skin mass line located at
the same station are-Jw2,+uwz, and -pm2 respectively. Thus we may
compose a general point transfer matrix as

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 : 0 0 0 0
[G]j= 0 g d e-Jw? 1 0 0 0
0 -8 —e+uw? -4 0 1 0 0
0 h-pw? g f 0 0 1 0
0 0 0 0 0 0 0 1
— )

Of course, if no stringer exists at station j, we merely set
d=es f =h = 0. On the other hand, if there is no panel
= 0.

J

Now that we have described the basic transfer matrices [F] and [G],
we can relate the state vectors at any two locations in the panel
system. We determine the natural frequencies as before by relating
the state vectors at the two ends of the panel row. For example, if
both ends of the panel row are simply supported (i.e. L =0 = (M¢)
= (N¢)n = 0), these two vectors and the connection between them are,
for any value of n

-~

c=d=e=1f-=
mass line, uJ =

M
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L r
where [T]
N 0

WA

= [Fly [6ly_; -

(61, [F],.

Then proceding as before, the determinant equation for the natural fre-
quencies is, for any n,

)
t21 t
t31 t
tsy s,
t?l 5

N

26
36
56

76

28

38

58
78

(70)

The determination of the normal mode associated with a natural frequency

can in theory be approached in a manner analogous to the case of flat

panels. However, in both the flat and curved panel cases, difficulties

may arise when actually carrying out these frequency and mode shape

computations.
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VII. NUMERICAL COMPUTATIONS

Two types of difficulties can arise when carrying out the numerical
solution of any of the frequency determinant equations. Reference [2],
section 7.1 is a good and sufficient explanation of these difficulties.

The first of these difficulties is the loss of significant figures when the
frequency determinant is reduced in an ordinary manner. This case is
exemplified by Eq. T-3 of Reference [2]. The second difficulty arises
when the elastic supports are very stiff in comparison with the remainder
of the structure. The error introduced is explained by Eq. T-4. In sec-
tions T-2 and T-3 there are presented two methods of avoiding these
obstacles. The first method, the Delta Matrix method, is limited in the
size of the frequency determinant to which it can be applied. It is not
difficult to apply successfully to a four by four frequency determinant,
such as that of a flat panel system, and by dint of much programming,

it can also be applied to an eight by eight frequency determinant. A
larger determinant would probably be beyond the capabilities of most
present day digital computors. In section T-4 a trial and error

scheme is explained. A short summary of this method is available in
Reference [1], section IV.

Even when a direct graphical solution of the frequency determi-
nant equation is no problem, there is a possibility that the values of
A(w) may pass through zero very abruptlyl9]. Thus, while it is easy to
make a very good estimate of w_ per se, it is very difficult to obtain
near zero values of A(w) for the purpose of computing the mode shapes.

As a result, if many transfer matrices are necessary to describe the
structure, the error in the initial state vector will grow to the point
where the final state vector is not even approximately representative of
the given boundry condition at that end. A means of circumventing this
error accumulation is that of adopting a forced vibration point of view.
To begin, sinusoidal shear forces (or moments) of frequencies just on
either side of the natural frequency of interest are applied in turn

to the structure, and the respective states of the structure are calcu-
lated. If it is found, as would be expected, that the computed states
corresponding to the two such frequencies are very nearly the same, then it
may be concluded that both states are dominated by the same mode--the mode
corresponding to the bracketed natural frequency. Therefore it is reason-
able to call the averages of the deflection components of these states the
mode shapes of that nearby natural frequency.

The following example will illustrate the features of the forced
vibration procedure of calculating modal states. Let us apply a sinusoidal
shear loading of a unit amplitude at station s of a curved panel with
simple support end conditions. By combining our successive transfer
matrix equations we arrive at
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=)

L

{z}ﬁ = I%I[T]E {Z}s + N[T]Z <

cooHOOOOO
—

s
N

where the transfer matrices are evaluated at one of the two selected
frequencies. Again we make use of the boundry conditions and reduce
the above eight by one matrix equation to the following four by one
equation

( i 2 ) —l ; r \!. L V o “r

0 toy toy  tog  tog T tog

0 = |t t t t *ral + |t
3% 31 Y3n btz tsg 3 [ 36|

9 ts;  tsy  tsg s v tsg

0 )n nt7n try tre trado LM Jy N *76)s

This matrix equation can be solved for LT ¢'/a V N¢Jé

by inverting the four by four reduced transfer matrix. This inversion

is always possible even in the case of an undamped model analysis be-
cause the determinant of this matrix is identical to A(w) which, of
course, is non-zero by our choice of a frequency other than a natural
frequency. Furthermore, the more abrupt the change in the value of
A(w), ie. the more acute the difficulty, the closer the values of the selected
frequencies can be to the natural frequency. (Differences of 0.1 radians
have been satisfactory in all respects in the cases known to the author))

It is of course necessary to avoid nodal points when applying the driving
force or moment. This can be assured by altering the point of application
of the driving load and then comparing the results.
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